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Abstract. Around 2008 N. Kawazumi and S. Zhang introduced a new funda- 
mental numerical invariant for compact Riemann surfaces. One way of view- 
ing the Kawazumi-Zhang invariant is as a quotient of two natural hermitian 
metrics with the same first Chern form on the line bundle of holomorphic dif- 
ferentials. In this paper we determine precise formulas, up to and including 
constant terms, for the asymptotic behavior of the Kawazumi-Zhang invariant 
for degenerating Riemann surfaces. As a corollary we state precise asymp- 
totic formulas for the beta-invariant introduced around 2000 by R. Hain and 
D. Reed. These formulas are a refinement of a result Hain and Reed prove 
in their paper. We illustrate our results with some explicit calculations on 
degenerating genus two surfaces. 



1. Introduction 

Consider a compact and connected Riemann surface M of genus h > 1. In 
this paper we will be concerned with the canonical or Bergman Kahler form \x 
on M, given as follows: let (lo\, . . . ,Uh) he an orthonormal basis of holomorphic 
differentials on M, endowed with the L 2 -inner product given by 



(1.1) < a;/3 > = ^_i f a p. 

1 JM 

Then we put \i = Yli=i u '« ^i- Note that we have J M fx = 1 so that we may view 
/j, as a probability measure on M. The canonical Kahler form \i and the resulting 
spectral theory of M are useful in a variety of applications, ranging from arithmetic 
geometry [3J © [7] Q]J] [20], to string perturbation theory [T] [2] [3] [5] [IT]. 

Let A M be the Laplace operator associated to /i, i.e. the endomorphism of 
L 2 (M, n) determined by the condition 

A p (/)- M = ^L=/ 

7ry— 1 

for all C°° functions / in L 2 (M, /i). Let Ao < Ai < A2 < . . . be the eigenvalues of 
and let (4>e)e for £ = 0, 1, . . . be a corresponding orthonormal basis of real 
eigenfunctions in L 2 (M,n). The invariant mentioned in the title refers to the 
invariant 

(1-2) V {M)=Y,Y E 

l>0 m,n=l 
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associated to M. This fundamental invariant was introduced independently by N. 
Kawazumi TS] and S. Zhang [24], around 2008, from different perspectives. In [18] 
it arises in the context of a study of the behavior of the Johnson homomorphism 
on the moduli space of Riemann surfaces. The motivation in |24) comes from 
arithmetic geometry, where if occurs as a local contribution in a formula relating 
the height of the so-called Gross-Schoen cycle on a curve over a number field to the 
self-intersection of its relative dualizing sheaf. One way of viewing if(M) is as a 
quotient of two natural hermitian metrics, with the same first Chern form, on the 
line bundle of holomorphic differentials on M [TB] . 

It is easy to verify from the definition (jl.2l) that <p(M) = if h = 1, and that 
<p(M) > if h > 2. Our goal in this paper is to study the asymptotic behavior of 
ip in a family of Riemann surfaces degenerating into a stable curve with a single 
node. There are two cases to be dealt with: one where after removing the node a 
disconnected surface remains (the separating case), and one where after removing 
the node a connected surface remains (the non-separating case). We use in both 
cases a standard degenerating model over the punctured unit disk described by J. 
Fay in Chapter III of his book 'Theta functions on Riemann surfaces' [8]. 

The behavior of spectral invariants on degenerating Riemann surfaces has mainly 
been studied in the context of the metric of constant curvature —1, see [TU] [T3] 
[T3] [2"2"] [2"5] for example. The present work, in the context of the Bergman metric, 
extends the picture laid down in the papers |17] and |21] by J. Jorgenson and R. 
Wentworth on the canonical Green's function and the Faltings delta-invariant, and 
the paper [9] by R. Hain and D. Reed on the beta-invariant. 

Our main result is as follows. 

Theorem A. Let M t be a Fay's family of compact Riemann surfaces of genus h, 
degenerating as t — > to the union of two surfaces Mx,M% of genera hi,h 2 > 1, 
joined at a single node. Then the formula 



lim 



^(M t ) + ^log| 



<p(Mi) + <p(M 2 ) 



holds. For a Fay 's family M t of genus h + 1 degenerating to a surface M of genus 
h > 1 with two distinct points a, b identified at a node, the formula 



lim 

t->0 



holds. Here g is the canonical Green's function on the surface M . 

For the precise relation between the parameters r and t and for the notion of 
canonical Green's function we refer to the text below. 

Before we discuss applications of Theorem A we would like to point out the 
similarity of our result with the main result of [21) . In this paper R. Wentworth 
studies the asymptotic behavior of the canonical Green's function and the Faltings 
(^-invariant [7] for degenerating Riemann surfaces, up to and including constant 
terms. He obtains the following limit formulas: 



lim 

t-s-o 



8{M t ) H r^log 



S{Mi) + 5{M 2 ) 
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in the separating case, and 

lim 6{M t ) + i og | T | + 6 i og( _ bg | r | 

= 6(M) - 2 ^~^ 9(a, b) - 2 log(27r) 

in the non-separating case. Our derivation of Theorem A will be heavily based on 
the detailed results in [21] leading to these limit formulas. 
In [24] Zhang also studies the invariant 

(1-3) W = + 

of the Riemann surface M. Note that in [24], the delta- invariant differs by an 
additive constant 4Mog(27r) from the one used here and in [21]. In the paper [15] 
it is shown that (8h + 4) A is a natural representative of the /3-invariant defined, up 
to constants, on the moduli space of compact Riemann surfaces by Hain and Reed 
[5] . The /3-invariant arises naturally in the context of a study of normal functions 
associated to Ceresa cycles on jacobians. The main result of [H] states asymptotic 
formulas for /3, but only up to log |r| terms. 

Putting f3 = (8h + 4)A and combining the asymptotics of 5 and ip stated above 
we obtain from ()1.3[) the following more precise result. 

Theorem B. Let M t be a Fay's family of compact Riemann surfaces of genus h, 
degenerating as t — > to the union of two surfaces M\,Mi of genera h\,h,2 > 1, 
joined at a single node. Then for Hain-Reed's (3-invariant, the formula 

lim [p(M t ) + 4/n/i 2 log |r|] = \{h- l)(v>(Mi) + <p{M 2 )) 

+ ^(,(M0 + W )-Mi^lo g ( 27r ) 

holds. For a Fay 's family M t of genus h + 1 degenerating to a surface M of genus 
h > 1 with two distinct points a, b identified at a node, the formula 

lim [p(M t ) + (h+l) log \t\ + 2(2/i + 3) log(- log |r|)] 

= —ip(M) + —^—5(M) - 2(h - l)g(a, b) - ( '- 

holds. Here g is the canonical Green's function on the surface M . 

Theorem B improves upon the main result of [9] in that we now also have some 
control over the constant terms. This may have applications in a precise study of 
limits of periods and mixed Bodge structures associated to the Ceresa cycle. 

Another application of our main result is to determine precise constants in ex- 
plicit formulas involving ip. An illustration of this is given in [16) where the 'energy' 
of the Weierstrass points on a hyperelliptic Riemann surface M is expressed in terms 
of tp(M). 

The contents of this paper are as follows. In Section [5] we present a collection 
of formulas that we will use as a reference chart. In the next two sections we 
prove Theorem A, treating the separating case first in Section [3] and then the non- 
separating case in Section |U We illustrate our results by investigating the case of 
degenerating genus two surfaces in more detail in Section [5] This features a precise 
asymptotic analysis of the well known Siegel modular form \io- 
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2. Preliminaries 

As before let M be a compact and connected Riemann surface of genus h > 1, 
and let be its canonical Kahler form. The canonical Green's function is the 
generalized function on M x M determined by the conditions 

(2.1) d y B y g(x,y) = nV-i(n(y) - S x ) 

and 



(2-2) / g(x,y)fi(y)=0 

JM 

for all i in M. One readily derives the symmetry property 

(2-3) g(x,y) = g(y,x) 

for all distinct x, y in M, as well as the local expansion 

(2.4) g(x, y) = log \z{x) - z(y)\ + 0(\z(x) - z{y)\) 

for all distinct x,y in a coordinate chart z: U —> D of M. Here D denotes the 
open unit disk in the complex plane. The O-term is a C°° function. 

The canonical Green's function g induces a natural hermitian metric || • || on the 
holomorphic line bundle L — Omxm(A) on M x M, where A is the diagonal, by 
putting log || 1 1| (x, y) — g{x,y) for distinct x,y in M. Here 1 denotes the canonical 
generating section of Omxm(A). We write k for the first Chern form of (L, || • ||). 
Note that it represents the class of A in H^ R (M x M). The Green's function g 
essentially inverts A M , in the sense that 

/(*) = -/ g(x,y)A^f)(y)n(y)+ [ //x 

JM JM 

holds for all x G M and all C°° functions / on M. 

Let (cji , . . . , ujh) be an orthonormal basis of holomorphic differentials on M, 
equipped with the L 2 -inner product (jl.ip . Let ni,%2 denote the projections of 
M x M on the first and second factor, respectively. Then we have the explicit 
formula [5] [23] 

h 

(2.5) k = 7rJ> + 7T2^ - /X^i (x)Qj (y) + uji(y)u>i(x)) 
Write for the (2, 2)-form fe 2 on M x M. A small calculation yields 

h 

(2.6) v = 2-k\[i-k* 2 [i - ^ (ui(x)uj(x)u)i(y)u}j(y) + U!i(x)uj(x)oJi(y)Qj(y)) . 

Note that the (2, 2)-form v integrates to the topological Euler characteristic of M: 

(2.7) / i/ = A.A = 2-2/i. 

J MxM 



From the explicit formula (12.61) we further deduce that for p fixed 
(2.8) / g(x,p)v(x,y) = 0. 

J MxM 
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For our analysis of <p(M) we will make use of the identity 

(2.9) <p(M) = [ g(x,y)u(x,y), 

JMxM 

for a proof of which we refer to [53], Proposition 2.5.3. 

Let (A\, . . . , Ah, Bi, . . . , Bh) be a symplectic basis of Hi(M, Z). Let (vi, . . . ,Vh) 
be a corresponding normalized basis of holomorphic differentials: 

/ v j = S ij > / O [) -,. ■ 

J At JB, 

We call 51 = fiy the period matrix of (vx, . . . ,Vh) with respect to the chosen ho- 
mology basis. From Riemann's bilinear relations we have that fiy is symmetric, 
and Imilij is positive definite. They also yield the expression [5T], Section 2 

(2.10) /i=^- ^(Irn^V^-. 



In a similar way one derives from (|2.5[) the expression 

/i 

(2.11) fc = 7T*/i + tt^ - V^l Q m tyT j 1 (Vi(x)fij(y) + Vi(y)vj(x)) . 

3. Separating case 

We begin by introducing the degeneration model for a family of Riemann surfaces 
developing a single separating node as described by J. Fay, [S] Chapter III. The basic 
references for this section are [8] and [21], esp. Sections 3 and 6 of the latter. 

Let Mi, M2 be two compact Riemann surfaces of genus hi, hi > 1, respectively, 
and choose points pi £ Mi and P2 € M2. Let z% : Ui — > D for i = 1,2 be local 
coordinate charts centered at the pi, with D denoting the open unit disk in the 
complex plane. Let D denote the punctured unit disk; then we put S = {(x, y, t) € 
D 3 : xy = t}. For each t £ D we remove from Mj the set \zi\ < \t\ for i = 1,2, and 
we glue the annuli {\t\ < \zi\ < 1} on the resulting open surfaces along the maps 
given by 

Z\ n- (zi,t/zi,t) € S , z 2 ^f (t/z 2 ,Z2,t) e 5. 

We obtain a family of compact Riemann surfaces M t over D of genus h = hi + hi. 
This family extends to a proper analytic family M —> D whose central fiber Mo is 
the union of Mi, M2 with the points pi identified. 

For each t £ D we choose a symplectic basis of Hi (Aft, Z) by extending across 
(Mi \ Ui) x D C M and (M 2 \ U 2 ) x D C M canonical homology bases of M X ,M 2 
lying in Mi \ Ui and Af 2 \ t/2, respectively. In [8], Proposition 3.1 we find the 
following key result. 

Theorem 3.1. (Fay) For t 7^ sufficiently small, the elements of the normalized 
basis of holomorphic differentials Vi(x, t), . . . , Vh(x, t) on M t corresponding to the 
chosen homology basis have the following expansions with respect to the parameter 
t: for 1 < i < hi, 



Vi(x,t) 



(x) + t (p)u>W (x,p) + o(t) x £ Mi \ Ui 
-t vf ) (p)cjW (x, p) + o{t) x£M 2 \U 2 : 



6 



ROBIN DE JONG 



and for hi + 1 < j < h, 



Vj(x,t) 



vf ] (x) + t vf {p)ui^ (x, p) + o{t) x£M 2 \ U; 
-tvf ) {j>)u3 ( - 1 \x,p) + o(t) xeMi\ U_ 



Here (x) and (x) are normalized bases of holomorphic differentials on Mi , M2 
with respect to the chosen homology bases, and oj^ (x , y) are the canonical differen- 
tials of the second kind on Mi x Mj for i = 1,2. The point p denotes the point pi 
on either Mi, and the evaluations of the differentials are carried out in the local co- 
ordinates Zi. Each o(t) term is a holomorphic differential on Mt, with the property 
that limt_>.o o(t) /t 2 is a meromorphic differential on Mi U Mi with a single pole at 
P- 

Corollary 3.2. Let fl%, SI2 be the period matrices of the Vi on Mi and of the Vj on 
M2. Let R be the vector 

R = (vi{pi), . . . ,v hl (pi),v hl+ i(p 2 ), ■ ■ .,v h (p 2 )) £ C h . 

Then the period matrix fl t of the Vi{x,t) has the expansion 




fit = +27rV-lt f R-R + o{t) 



as t — > over D. 

Proof. See [8], Corollary 3.2. □ 

Theorem 13.11 and Corollary 13.21 lie at the basis of the proofs of the propositions 
below. For each % = 1,2 write M M = M* \ {\zi\ < |<| 1/2 } C M t . We note that 
Mt = M t .i U M tj 2 for each t £ D with an overlap along the vanishing 1-cycle given 
by the equation \x\ = \y\ = \t\ 1 ^ 2 in S. 

The next proposition deals with the limit behavior of the canonical Kahler form 
as t — > in Fay's model. 

Proposition 3.3. Let \i t be the canonical Kahler form on M t and [ii that on Mi 
for i = 1,2. View M t ^ as a subset of Mi for i = 1,2. Then for x £ M t ^, i = 1,2, 
we have 

Ht(x) = -r^i{x) + o(l) 
h 

as t — > 0. Here the limit lim^o o(l)/|f | is equal to a (1, l)-form on Mi \ {p} which 
is bounded by a constant times \dz i \ 2 \zi[' 2 on Ui for i = 1,2. 

Proof. This is Lemma 6.9 in |21) . The statement follows from the expansions in 
Theorem 13.11 and Corollary 13.21 and the explicit formula (|2.10|) applied to [it and 
the fii. □ 

Let k t be the canonical (1, l)-form introduced in Section[5]on the product M t x M t 
and let ki be that form on Mi x Mi for i = 1, 2. On a product of two manifolds we 
let 7Ti,7T2 denote the projections on the hrst and second coordinate, respectively. 



ASYMPTOTIC BEHAVIOR OF THE KAWAZUMI-ZHANG INVARIANT 



7 



Continuing to view each Mt,i as a subset of Afj we let k t be the (l,l)-form on 
M t x M t given by 



(3-1) 



-^(7r^i 2 + 7r^ 2 ) + fc 2 on Mu x My 



on M t ,i x M t , 2 
on M t 2 x Af t i 



We put i> 4 = fc^ on Af 4 x Af t and i/j = fcf on Af ti j x Aft,, for i = 1,2. One readily 
derives that 

' - 2h2i " 2) ^1^1 + ^1 on M tj x x Af t) i 



(3.2) 



^T^iMi tt*M2 on Mt,l x M L2 



—fr-^TT-Lfls ^2 Ml 



on Af t 2 x Af t . 



Proposition 3.4. Let v t — k 2 . We have 



u t =u t + o(l) 

on M t x Aff. Here lim^o o(l)/|t| is a (2, 2)-form on the union of the (Mi \ {p}) x 
(Afj \ {p}) for i,j — 1,2, bounded by a constant times \dzi\ \zi\ \dzj\ \zj\ on 
Ui x Uj, by \dzi\ 2 \zi\~ 2 times a (1,1) -form on Mj on Ui x (Afj \ Uj), and by a 
(1, l)-form on Mi times \d,Zj\ \zj\ on (Mi \ Ui) x Uj, for i,j = 1,2. 

As an illustration of this proposition, note that by using the identity 

_ 2k 2 (2h - h 2 ) + _ _ 2 hl (2h - hl ) + _ + 4^, = 2 _ 2h 
h z h z h z 

one sees from the expressions in (13. 2[) that the fiber integral J M2 vt tends to the 
constant fiber integral J M2 v t = 2 — 2h as t — > 0. 



Proof of Proposition \S.4\ This follows from Theorem 13 . 1 1 Proposition 13.31 and for- 
mula (|2.11l) applied to fc t and the fc,. □ 

Let gt be the canonical Green's function on Af t . In order to determine the 
asymptotic behavior of ip(M t ) we use equation (I2.9[) which gives that 



(3-3) 



<p(M t 



g t (x,y)u t (x,y) 



M t x M t 



for all t. The discussion in Section 6 of leads to a suitable asymptotic expansion 
of gt(x, y). Following the beginning of that section we make a reparametrization of 
our family by putting r = d\d 2 t with 



logdi = lim [gi(x,p) - log \z x (x) 

x—tp 



logd 2 = hm [g 2 (x,p) - log \z 2 (x) 

x—tp 



Here gi is the canonical Green's function on Afj for i = 1, 2 and p still denotes the 
points pi on Afj. 



s 
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Proposition 3.5. For t small enough and for local holomorphic sections x,y of 
Mt with both x,y in Mi \ {p} we have the expansion 

/ h 2 \ 2 h 2 
gt(x,y) = I — j log |r| +gi(x,y) - —(g 1 (x,p)+g 1 (y,p)) + o(l) 

as t — > 0. For local holomorphic sections x,y of M t with x € Mi \ {p} and y € 
M 2 \ {p} and t small enough we have the expansion 

9t(x,y) = --p^log|r| + ^gi(x,p) + ^-g 2 (y,p) + o(l) 

as t — > 0. In both cases the limit lim^o o(l)/|£| is bounded in x,y. 

Proof. This follows from Theorem 6.10 in |21j and its proof. □ 

We are now ready to state the main result of this section. 

Theorem 3.6. For Fay's family Mt over the punctured open unit disk, the expan- 
sion 

tp(M t ) = -^y 2 log M + p(Mi) + <p(M 2 ) + o(l) 

holds as t — > 0. 

Proof. We study the asymptotic behavior of the fiber integral in (|3.3|) using the 
expansions of v t and g t in Propositions 13.41 and 13.51 respectively. First of all, by 
dominated convergence the integral of v t against the o(l) term in Proposition 13.51 
vanishes in the limit as t — > 0. Second, the integral of the constant term in the 
expansions in Proposition 13.51 against the o(l) term of Proposition 13.41 vanishes in 
the limit as t — > 0. This is clear for both x,y lying outside of the disks Ui. On 
Ui x Uj, integration against the o(l) term of Proposition l3~4l of terms of type log \zi\ 
arising from the Green's functions gi{p, •) yields terms of order 

— 1*1 / M^ log^|~(cst.)-lt|(logiti) 3 

J| Zl |,| Zj |>|t|l/2 \Zi\ \Zj\ 

and these vanish indeed in the limit. A similar analysis applies to the regions of 
the type U t x (Mj \ Uj) and (Mi \ U t ) x Uj. 

Propositions [331 and S3] then yield, using (j2J|) . (JUJ) and ([372]) : 



Mr 



Hi "i I I ( T" ) lo gl T l +9i{x,y) - j^(gi(x,p) +gi(y,p)) j x 




h 2 TT^l^^l +1/1 ) +0(1) 



h 2 \ ( 2h 2 (2h-h 2 ) 



h J \ h 2 
as t — > and similarly 



+ 2-2/H log |r| + ^(Mi) + o(l) 



'/' = (-f) (- 2hl{2 \ Hl) +2-2fe 2 )logjr; f r -,l/„> ) + „(1) 
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as t — > 0. Next we have, using (|2.2|) . 

/ 9tvt= [ (-^^^og\T\ + ^-g 1 (x,p) + ^-g 2 (y,p)] 

JMt,ixM t ,2 JM 1 xM 2 \ n n n J 

7T 1 fl 1 7T 2 ^ 2 I + 0(1) 

log |t| +0(1) 



h\h,2 lhih-2 



h 2 h 2 
as t — > and by symmetry (12. 3[) 



hih 2 2h 1 h 2 . I. n 

3 tVt = — u rr~ lo sl r l + 

Mt,2XM t ,i n n 

as well as t — > 0. We obtain the required equality by adding the four integrals. □ 



4. NON-SEPARATING CASE 

In this section we study Fay's model of a family of degenerating Riemann surfaces 
developing a single non-separating node. The basic references for this section are 
again [8] and [21], esp. Sections 4 and 7 of the latter. 

Let M be a compact and connected Riemann surface of genus h > 1, and let o, b 
be two distinct points in M. Let z a : U a —> D and z^: Ub — > D be local coordinate 
charts of M centered at a resp. b, where D is the open unit disk in the complex 
plane. We assume that U a n Ub is empty. As before we let D be the punctured unit 
disk and we put S = {(x, y, t) G D 3 : xy = t}. For each t G D we remove from M 
the sets given by \z a \ < \t\ and \zb\ < then we glue the annuli {\t\ < \z a \ < 1} 
and {|i| < |zfc| < 1} on the resulting open surface along the maps given by 

z a i-> (z a ,t/z a ,t) e S , Z b ^ (t/zb,Zb,t) G S. 

We obtain a family of compact Riemann surfaces M t over D of genus /i + 1. This 
family extends to a proper analytic family M — > D whose central fiber Mq is the 
surface M with the points a, b identified. 

We choose a symplectic basis of Hi(M t ,Z) as follows. First of all we extend 
across (M \U a \Ub) X D a symplectic basis of homology of M lying in M\U a \Ub- 
We need two more loops Ah+i, B^+i- For the loop Ah+i we take the boundary of 
the disk Ub- The loop Bh+i runs across the collar connecting U a and Ub- Note that 
as t traces out a generator of the fundamental group of D, the collar is twisted, and 
the resulting loop B' h+1 differs from the original one by ±^4^+i- As a consequence, 
the period matrix f2 t on our chosen symplectic basis is multi-valued. The next 
key result, cf. |5J, Proposition 3.7 describes the limit behavior of the normalized 
differentials of our family with the chosen homology basis. 

Theorem 4.1. (Fay) For t ^ sufficiently small, the elements of the normalized 
basis of holomorphic differentials V\(x, t), . . . , vh+i (x, t) of M t corresponding to the 
chosen homology basis have the following expansions for i = 1, . . . , h: 

Vi(x,t) = v l (x) ~ t (vi(b)uj(x,a) + Vi(a)w(x, b)) + o(f) , x G M \ U a \ U b , 

and 

v h+ i(x,t) = - ujb-a(x) - t (7iw(x, b) + 7 2 w(a;, a)) + o(t) , x € M\U a \U b . 
2ir\/ — I 
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Here the Vi, i = 1, . . . ,h are a normalized basis of holomorphic differentials on M , u) 
is the canonical differential of the second kind on M x M, and LOb-a is the canonical 
differential of the third kind on M with simple poles of residues — 1, +1 at a, b. The 
7, are constants, and the evaluations at a, b are carried out in the local coordinates 
z a ,zi,. Each o(t) term is a holomorphic differential on M t with the property that 
lim t _j.o °(0A 2 * s a rneromorphic differential on M with poles only at a or b. 

Corollary 4.2. The period matrix Qt of the Vi(x, t), with i = 1, . . . , h + 1 has the 

expansion 

n t =( Qij ai \ + oii) 

as t — > 0, where fijj is the period matrix of M with the given symplectic homology 
basis, c is a constant, and = Vi . 

Proof. See g], Corollary 3.8. □ 



Theorem 14.11 and Corollary 14.21 lie at the basis of the proofs of the propositions 
below. Let Nt be the surface M \ U a \ Ub- Let Ct denote the closure in Mt of 
the 'collar' M t n S. We can view Ct as the union of the annuli {|t| 1/2 < \z a \ < 1} 
and {^l 1 / 2 < \zb\ < 1}, with an overlap along the vanishing 1-cycle given by the 
equation |a;| = \y\ — l^ 1 ^ 2 in S. We have M t = N t U C t , with an overlap consisting 
of the two boundary cycles of U a and Ub- We define 

=—^(lm.fl t )^ lh+1 v h+1 (x,t)v h+1 (x,t) 

(Imfli),- h+1 (vi(x,t)vh+i(x,t) + v h +i{x,t)vi(x,t)) 



2 ^ 

i=l 

on M t . Let nt be the canonical Kahler form on M t , and /i that on M. 
Proposition 4.3. The expansion 

^ = 7rrT /i + ^TT^ + o(1) 

holds on M t . Here the limit lim^o o(l)/|i| is equal to a (1, l)-form on M \ {a, b} 
which is bounded by a constant times \dz at b\ 2 \z a ,b\~ 2 on U a ,b- 

Proof. This follows from the expansions in Theorem 14.11 and Corollary 14.21 and the 
explicit formula (|2.10p applied to /x t and /i. □ 

Note that the integral J N can be chosen arbitrarily close to unity by shrinking 
the open disks U a ,Ub- It follows that in the limit as t — > 0, the form \i t can 
be written as -^i^ + o(l) on Nt, and as -^[f-c + o(l) on C t (cf. [T7], proof of 
Lemma 4.7). This gives Nt asymptotic volume equal to as t — > 0, and Ct 
asymptotic volume equal to j^i- 

Let k t be the canonical (1, l)-form introduced in Section [5] on M t x M t , and let 
k be that on M x M. We define 

dc = - \/^T(Im ^)hl hh+1 {vh+i (x, t)vh+i (y, t) + v h+1 (y, t)v h+1 (x,t)) 

h 

- V^^2{lnin t )ll +1 (vi(x,t)v h+1 (y,t) +v h+1 (x,t)v t (y,t)) . 

i=l 
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On a product of two manifolds we denote by 7ri, tt2 the projections on the first and 
second coordinate, respectively. Put 



(4.1) 



on M t x M t . Let v t 
derives that 



on N t x N t 
on N t x Cf 
on Ct x Nt 



A^(ir*fic + k* 2 hc) + dc on C t x C t 



= k 2 on Af t x M t and let v = k 2 on M X M. One readily 



(4.2) 



- I ^±^7T 1 /i 7 r|/i + ^ oniVtxA^t 



2/i 



2h * * 



on iV t x C t 
on C t x Nt 



2h(h+2) * * ^ /-, 

' (h+iy W Mc^Mc on Ct x Ct 



on M t x M t . 

Proposition 4.4. Xe< i/t 



v t = i>t+ o(l) 



on M t x Mj. /fere t/ie Kmii lim t _>.o o(l)/|i| is eg«aZ io a (2, 2)-form on (M\{a, b}) 2 
which is bounded by a constant times \dzi\ 2 \zi\~ 2 \dzj\ 2 \zj\~ 2 on Ui x Uj, where 
i,j G {a, b}, by \dzi\ 2 \zi\~ 2 times a (l,l)-form on M on Ui x (M \ {j}), and by a 
(1, l)-form on M times \dzj\ 2 \zj\~ 2 on (M \ {i}) x Uj, for i,j € {a,b}. 

As an illustration of this result, using the identity 

4h + 2 „ „, 4Ji 2h(h + 2) 



(h + iy 



2h 



{h + iy {h + if 



= 2 - 2(h + 1) 



one sees from the expressions in (|4.2[) that the fiber integral J M2 vt tends to the 
constant fiber integral J M2 v t — 2 — 2(h + 1) as t — >• 0. 

Proof of Proposition \4-4\ This follows from Theorem l4.11 Proposition ^. 3l and equa- 
tion (12. lip applied to kt and k. □ 

Let <7t be the canonical Green's function on M t . The discussion in Section 7 of 
|21) leads to a suitable asymptotic expansion of gt(x,y) in the case that both x,y 
stay away from the collar. Following the beginning of Section 7 of [3T] we make a 
reparametrization of the family M t by putting r = d a dbt with 



log d a = lim \g(x,p) - log \z a (x) 



log<4 = lim [g(x,p) - log \z b (x) 

x—tb 



Here 5 is the canonical Green's function on M. 
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Proposition 4.5. For distinct local holomorphic sections x, y of the family Mt with 
both x,y in Nt the expansion 

9t{x > V) = 12(//+1)2 l0g ' T l + 9 ^ ^ + 6(fe+ip g(fl ' b) 

- 2 (/ l 1 + a ) + 9{x, b) + g(y, a) + g(y, b)) + o(l) 

holds. Here the limit lim^o o(l)/|f| is bounded in x,y. 

Proof. This follows from Theorem 7.2 in [21] . □ 

Proposition 4.6. For x a local holomorphic section of the family M t over a small 
neighborhood of zero, with x lying in N t for all t, the expansions 



vUv) = 12(/t 1 +1)2 lo s M + ^Ti7 5(a ' b) 

(g(x,a)+g(x,b))+o(l) 



2{h + l) 



c t 



g t (x, y)»c(y) = 1)2 log \r\ - g(a, b) 

(g(x,a)+g(x,b))+o(V) 



2(h+l 

hold as t—>0. Here limt_>o o(l)/|t| is bounded in x. 

Proof. The first equality follows from Proposition 14.51 by dominated convergence. 
The second follows from the first by remarking that 



0=/ g t (x,y) Ht(y) = 9t(x,y)——-^(y)+ g t {x,y)——^ c {y) + o(l) 

J M t J Nt h + 1 JCt h + 1 

by (|2.2p . Proposition ^. 3l and the remarks following the proof of Proposition l4.3l □ 

Corollary 4.7. The following expansions hold: 

f 15 

NtxCt 9t ^ vw*)">w = - i2(h+ir log |T| wtw 9 ^ h) + o(1) ' 

h 2 5h 2 
9t{x, y)^c{x)^c{y) = 77777 , ^ 2 log |t| + lA2 ff( a > fo ) + °(!) . 

C,xC, 0{h + l) 

as t — > 0. 

Proof. The first two equalities follow from Proposition 14.61 by integrating against 
/j,(x) over Nt, and dominated convergence. The third equality follows from the 
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second by remarking that 

0=/ g t (x,y)nt(x)-r-\—Hc(y) 
JMtxCt n + L 

9t(x, y)-^—^{x)—^—^c{y) 
N t xc t h+l h + l 

JctxCt h + l h + l 

by (|2.2p . Proposition ^. 3l and the remarks following the proof of Proposition l4.3l □ 

We can now state the main result of this section. 

Theorem 4.8. For Fay's family M t over the punctured open unit disk, the expan- 
sion 

^'• ] = -6(iTT) log |T| + " (M) - wk) e(a - 6) + o(1) 

holds as t — > 0. 

Proof. Recall (|2.9p that (p(M t ) — J MtXMt 9t v t- The integral of g t against the o(l)- 
term in Proposition 14.41 vanishes in the limit as t — ¥ 0. We therefore find, by 
Propositions 14.41 and 14.51 

9tvt= [ 9t(x, y) ■ (- n(x)fi(y) + v(x, y)) + o(l) 



N t xNt JN t xN 



x (h + l) 2 

1 , , 5 , ,.\ ( 4/i + 2 

i2 { hTW log ^ + WTW gM ) {-JhTW + 2 - 2 \ 

+ if(M) + o(l) 

as t — >• 0. By Proposition 14. 41 and the second equality of Corollary 14. 71 we have 
9tv t = I g t (x, y) ^ ^(x)nc{y) + o(l) 

V t xC t JN t xCt \ n + L ) 

h . , 5ft , ,.\ 2ft 



12(ft+l) 2 01 1 6(ft+l) 2av ' 7 (ft + i) 2 
as t — > and similarly 

( h , , 5ft , _,\ 2ft 

/o.x^ 5t * = rw log |r| - ^w ff(a ' 6) J m + 0(1) 

as t — > 0. Finally by Proposition ^. 41 and the third equality of Corollary 14 .71 we have 

f 2ft(ft + 2) 
9tv t = \ gt{x, y) . , 2 vc(x)nc{y) + o(l) 

CtxCt JCtxCt \ n + L ) 

h 2 , 5ft 2 . A 2h{h + 2) 

, i2(ftTT)2 log |r| + 6(^TTF 5(a ' &) J T^TTF + o(1) 

as < — > 0. Upon verifying the identities 

1 ( 4ft + 2 . \ „ ft 2ft 



12(/i + l) 2 V (h + l) 2 ' " ~"J 12(h+lf (ft + 1) 2 
ft 2 2ft(ft + 2) _ ft 
12(ft + l) 2 ' (ft + 1) 2 ~ ~6(ft + l) 
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and 



4/1 + 2 „ \ „ 5/i 2h 
2-2/1-2 



6(/i+l) 2 V (/i + l) 2 / 6(/i+l) 2 (/i + l) 2 

5/i 2 2h(h + 2) _ hh 
~ 6(/i + l) 2 ' (h + 1) 2 ~ ~3(h+l) 
one obtains the theorem by adding all four contributions. □ 

5. Degenerating Riemann surfaces of genus two 

We illustrate our results in a special case. We consider families M t of Riemann 
surfaces of genus two, degenerating into either a union of two surfaces M\,M% of 
genus one, joined at a node (separating case), or into a surface M of genus one with 
two distinct points a, b identified (non-separating case). Note that the choice of a 
base point on Mi and M2 endows both Mi and M2 with the structure of an elliptic 
curve. 

We will focus on the formulas in Theorem B. We start with the separating 
case. Let Mt be Fay's family degenerating into the union of the two elliptic curves 
Mi, M2. We assume that Mi, Ma are given as the complex tori Mi = C/(Z + Zwi) 
and Mi = C/ (Z + Za^), with ui, u>2 elements of the complex upper half plane, and 
that their origins are identified. As coordinates around the origin we choose on 
both tori the standard euclidean coordinate z coming from the uniformization by 
C. It follows from Corollary [32] that the period matrix Sl t of M t has the expansion 



uj 1 + 2irJ^lt 2irJ^lt 
fit= I I + o(t) 

2-Ky/^I t 0J 2 + 2tt V^T t 

as t — > 0. The first formula in Theorem B specializes to 

(5.1) lim[/3(M t )+41og|r|] = 

t->o 

|(^(Mi) + p(M a )) + |(5(Mi) + S(M 2 )) - y log(27r) . 

We recall that the (^-invariant vanishes for elliptic curves. Let r\ — r\{iJ) be the 
Dedekind eta function, 

00 

V = q 1/M I] 0- ~ <T) 1 9 = exp(2^V^T^) , 



for uj running through the complex upper half plane, and let 

||7 ? ||(u;) = (Im W ) 1 /4| r? ( a ;)| 

be the Petersson norm of 77. We note that \\rj\\ is SL2 (Z)-invariant and hence defines 
an invariant of complex elliptic curves. In [7], Section 7 it is proved that for the 
delta- invariant of the elliptic curve M = C/(Z + TLlS) one has 

(5.2) 8(M) =-241og||i7||(w)-81og(27r). 

Also it follows from [7] , Section 7 that with z the standard euclidean coordinate on 
M = C/(Z + Zu>) and for o the origin on M, the invariant 

logd= \\m[g(x,o) -\og\z{x)\] 
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evaluates to 

logd = 21og|?7(cj)| +log(27r). 
Hence with r = did^t and (15.2[) equation (|5 . 1 [) simplifies to 

(5.3) lim[/3(Mt)+41og|i|] 

= —48 log ||77|| - 48 log \\r}\\ (ui 2 ) + 21ogImu;i Imw 2 - 481og(27r) . 

We verify (|5.3j) using an explicit formula for (3 in genus two. Let H 2 be the Siegel 
upper half space of degree two, consisting of the complex symmetric 2-by-2 matrices 
with positive definite imaginary part. Let P be a maximal set of pairwisc inequiv- 
alent even theta characteristics in dimension two, and for each a G P let 0[a](z, fi) 
for zeC 2 and f2 £ H2 be the associated theta function with characteristics, 

6[a](z, Q) = ^2 exp(7r v / ^T(n + a)fi*(n + a) + 27rv /z l(n + a)\z + b)) , 
where we write a — (a, b) with a, b € (1/2)Z 2 . We put 

xio(ft)=n%](o,^) 2 , 

the well known Siegel cusp form of weight ten on H2 . Let 

||xio||(^) = (detImft) 5 |Y 10 (fl)| 
be its Petersson norm. From |15j . Theorem 1.7 we obtain that 

(5.4) 0(M t ) = -21og||xio||(fit) - 401og(2^) + 24 log 2 

for our family of surfaces M t with corresponding period matrices fit. The asymp- 
totic behavior of Xio(^t) is determined by the asymptotic behavior of the 0[a](O, fit) 
for each of the ten en's. Such an analysis is carried out in, for example, |12j . Section 
5.1.1. Equation (5.14) of that section yields that 

Xio(fit) = t 2 (2tt) 4 2 12 ^( Wl ) 24 ry( W2 ) 24 + o(t 2 ) 

as t — > so that 

lim[-log||xio||(fi t ) + 21og|i|] = 

- 24 log IMK^i) - 24 log ||?y||(w2) + loglm^i Imw 2 - 41og(27r) - 12 log 2 . 

Combining with (|5.4|) we obtain an alternative derivation of (|5.3[) . 

Next we consider the non-separating case. Let M = C/(Z + Zw) with cj in the 
complex upper half plane be an elliptic curve and choose two distinct points a, b 
on M. As local coordinates around a, b we choose the global euclidean coordinate 
z given by the uniformization of M by C. Let M t be Fay's family of surfaces of 
genus two based upon these data, degenerating into the stable curve M with the 
points a, b identified. Put u = b — a. It follows from Corollary 14.21 that the period 
matrix Q t of M t has the expansion 

(U! U \ 

+ o(l) 

as t — > 0, for some constant c. The second formula in Theorem B specializes to 

2 5 50 

(5.6) lim[0(M t ) +21og|r| + 10 log(- log \r\)} = -<p(M) + -S(M) - — log(27r) . 
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Again, the contribution <p(M) vanishes. With ()5.2[) equation (|5.6|) becomes 

(5.7) ]im[/3(M t ) + 21og|r| + 101og(- log |t|)] = -401og||»;||(a;) - 301og(27r) . 

We verify (|5.7|) using the explicit formula (|5.4|) again. An analysis of the asymptotic 
behavior of xio on matrices of the shape in (15. 5[) is carried out, for example, in 
Section 5.1.2 of 12 . Write W2 for the (2, 2) entry of fit, and put g = exp(27r\/^Tu;2). 
Let 9 = 8(z,u)) for z € C be the elliptic theta function with odd characteristic 
(1/2, 1/2) associated to u. Equation (5.19) of [TS] yields that 

Xio(ftt) = -q 2 12 v(") 18 9{u, uj) 2 + o(q) 
as t -> 0. It follows with pT3|) that 

(5.8) lim[/3(M t ) + 21og|g|+101og(-log|g|)] = 

-361og|r?(w)| - 41og|0(u,w)| - lOloglmw - 301og(2?r) . 
By Lemma 7.5 of [21] we have 

log \q\ = log |r| — 2 g(a, 6) + 27r (Imu) 2 /Imu; , 
where g is the canonical Green's function of M. It is proved in Section 7 of [7] that 
g(a, b) — 7r(Im u) 2 /Imw + log \6(u, w)\ — log |?7(w)| , 

hence 

log \q\ = log |r| - 2 log \6[u, u)\ + 2 log |»j(w)| . 
Substituting this in (I5.8P we reobtain (15.71) . 
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